The non-cancellation set of a group G measures the extent to which the inÿnite cyclic group cannot be cancelled as a direct factor of G × Z. If G is a ÿnitely generated group with ÿnite commutator subgroup, then there is a group structure on its non-cancellation set, which coincides with the Hilton-Mislin genus group when G is nilpotent. Using a notion closely related to Nielsen equivalence classes of presentations of a ÿnite abelian group, we give an alternative description of the group structure on the non-cancellation set of groups of a certain kind, and we include some computations. Analogously, we consider non-cancellation, up to homotopy, of the circle as a direct factor of a topological space. In particular, we show how the Mislin genera of certain H0-spaces with two non-vanishing homotopy groups can be identiÿed with the genera of certain nilpotent groups.
Introduction
For a ÿnitely generated nilpotent group N , the Mislin genus G(N ) is the set of all isomorphism classes of ÿnitely generated nilpotent groups M such that the groups M and N have isomorphic p-localizations for every prime p, see [10] . In [3] Hilton and Mislin deÿne an abelian group structure on the genus set G(N ) of a ÿnitely generated nilpotent group N of which the commutator subgroup [N; N ] is ÿnite. In fact, this group structure is obtained through the action of a suitable abelian group on G(N ). In this article, we study K-groups, where K is the class of semidirect products of the form T o Z k , where T is a ÿnite abelian group and k is a positive integer. For nilpotent groups which belong to the class K, many computations of the genus groups appear in the literature. Indeed, the groups considered in [1, 4, 7, 12] all belong to this class.
For a group G in K, the non-cancellation set, denoted by (G), is the set of isomorphism classes of groups H such that G×Z ∼ = H ×Z. Investigations into non-cancellation phenomena on groups in the class K appear in [18, 19] , and reveal some similarities with genus computations for nilpotent groups in K. One such instance is observed in [18, Theorem 4:2] on triviality of the non-cancellation set of a group in K, which is a direct generalization of [12, Theorem 4:1] on triviality of the genus of a nilpotent group in K. Such similarities are of course not completely surprizing in view of Warÿeld's result [14, Theorem 3:6] , which asserts that for ÿnitely generated nilpotent groups N and M having ÿnite commutator subgroups, the condition N × Z ∼ = M × Z is equivalent to the p-localizations of N and M being isomorphic for every prime p, in other words, G(N ) = (N ).
On the other hand, results in [18] show that some non-cancellation phenomena in the nilpotent case do not simply generalize to the non-nilpotent case. Consider K-groups of the form H = T o w Z k for which the image Im w of the action belongs to the centre of Aut T (T is ÿnite abelian), and with k ¿ 1. If such a group H is nilpotent then by [7] the genus G(H ) is known to be trivial. Thus it follows that also the non-cancellation set (H ) is trivial. In [18] we have an example of such a group H (non-nilpotent) for which (H ) is non-trivial.
Motivated on one hand by Warÿeld's relation between the genus and the noncancellation set of a ÿnitely generated nilpotent group with ÿnite commutator subgroup, and on the other hand by the Hilton-Mislin group structure on the genus of such a group, in [20] a group structure is imposed on the non-cancellation set (G) of any ÿnitely generated nilpotent group with ÿnite commutator subgroup. Moreover, if the group G happens to be nilpotent, the latter group structure coincides with the one deÿned by Hilton and Mislin on the genus. In this paper, we give an alternate description of the non-cancellation group of a K-group G, which enables us to make computations. To achieve this we impose an action of a suitable abelian group on (G), by using a notion closely related to Nielsen equivalence classes of group presentations (cf. [15] ). The preliminary work is done in Section 2, where we treat the relevant equivalence relation in the more general context of presentations of a ÿnitely generated torsion module over a pid. Section 3 then closes with two generalizations (Theorems 3.8 and 3.9) of results of [1] for a nilpotent group to any group in K.
Analogous to the group theoretical notion, the Mislin genus G(X ) of a CW-type nilpotent space X of ÿnite type (see [8] for instance) is the set of all homotopy types of CW-type nilpotent spaces Y such that Y is of ÿnite type and the p-localization of X is homotopy equivalent to the p-localization of Y for every prime p. For a certain class of 1-connected spaces, Zabrodsky [21] imposed the structure of an abelian group on the genus. McGibbon's article [8] gives a survey of genus computations of spaces. Since this survey article has appeared, there have been some further developments on computation of genera of spaces. In particular, McGibbon [9, Theorem 4] extended the results of Zabrodsky, essentially by relaxing the condition of 1-connectedness on a (suitable) H 0 -space, in order to get a group structure on its genus. In particular, the genus G(K (N; 1) ) of the Eilenberg-Mac Lane space K(N; 1), where N is a ÿnitely generated nilpotent group with ÿnite commutator subgroup, is isomorphic to the group G(N ) as deÿned in [3] . A less straightforward relation between the genus of a nilpotent group and the genus of a nilpotent space can be found in [2] . Here, Hilton considers certain nilpotent spaces X for which 1 (X ) is inÿnite cyclic, 2 (X ) is ÿnite cyclic and all the higher homotopy groups are trivial. He shows that there is a surjective map from the genus of X to the genus of the nilpotent group 2 (X ) o 1 (X ), where the semidirect product is obtained through the homotopical action. Using [9, Theorem 4], Hilton and Scevenels were able to show in [5] that this map is in fact an isomorphism of genus groups. This work was pursued in [6] , in which Cartesian powers X k of such spaces are concerned, and once again, an isomorphism between the genus group of X k and the genus of the nilpotent group ( 2 (X ) o 1 (X )) k was obtained. In Section 4, we introduce the class of T m -spaces, generalizing the spaces introduced by Hilton in [2] . We show (cf. Proposition 4.2 and 4:5) that any group G in K has a T m -realization which is unique up to homotopy type, i.e., a T m -space X such that G ∼ = m (X ) o 1 (X ). Introducing the non-cancellation set (X ) of a T m -space X as the set of all homotopy types of CW-type spaces Y such that X × S 1 Y × S 1 , we show in Theorem 4.7 that there is a bijective correspondence between the non-cancellation set of a group in K and the non-cancellation set of a T m -realization of this group. This leads to a result analogous to Warÿeld's, that the non-cancellation set and the genus of a nilpotent T m -space coincide (cf. Theorem 4.8). Finally Theorem 4.8 gives another proof of the results of [5] , and settles in the positive a conjecture of [6] .
Presentations of modules over a pid
Given that the groups we are concerned with, namely the groups in the class K, are semidirect products of the form T o w Z k for a ÿnite abelian group T and an action w : Z k → Aut T , we start by studying epimorphisms of a free abelian group of ÿnite rank onto a ÿnite abelian group. However, we prefer to treat this in the more general setting of modules over a pid.
For any commutative ring R with unit, and for any positive integer k, the free R-module of rank k will be denoted by R k . As usual R * is the group of units of R, while B denotes the R-submodule generated by a subset B of an R-module M . If J is an ideal of R and Á :
For future reference, we state a preliminary lemma, the straightforward proof of which we omit. Lemma 2.1. Let R be a commutative ring with unit; let J be an ideal of R and let S = R=J . Let k be a positive integer. Suppose that f; h ∈ Hom R (R k ; S k ); and suppose
Now, let R be a pid and let A be a ÿnitely generated torsion R-module. For a positive integer k, we denote by RE k (A) the set of all epimorphisms from R k onto A. Of course, RE k (A) is non-empty if and only if A can be generated as an R-module by some ÿnite subset of cardinality k. In analogy with the notion of Nielsen equivalence classes of group presentations (cf. [15] ), we deÿne an equivalence relation on RE k (A) by putting f 1 ∼ f 2 if and only if there is an R-automorphism : Deÿnition 2.3. Let R be a pid and let A be a ÿnitely generated torsion R-module. Let a = (a 1 ; : : : ; a k ) be a good ordered k-tuple of elements of A. For every n ∈ R we deÿne f (a; n) : R k → A to be the unique R-homomorphism such that
where e 1 ; : : : ; e k is the standard R-basis of R k . We shall often suppress the k-tuple a, writing f n instead of f (a; n) .
The main reason for introducing the homomorphisms f n lies in the following result (cf. [15, Lemma 3:1]). Lemma 2.4. Let R be a pid and let A be a ÿnitely generated torsion R-module. Let a = (a 1 ; : : : ; a k ) be a good ordered k-tuple of elements of A. Let d k ∈ R such that d k is the annihilator of a k .
• If n is relatively prime to d k ; then f n is an epimorphism.
• Every member of RE k (A) is equivalent to some f n for an n which is relatively prime to d k .
The next result shows essentially how certain epimorphisms A → B between suitable modules induce bijections between the relevant sets of (∼)-classes. Lemma 2.5. Let R be a pid and let A be a ÿnitely generated torsion R-module. Let a = (a 1 ; : : : ; a k ) be a good ordered k-tuple of elements of A. If S = R=J where J is the annihilator of a k ; then there exists an R-epimorphism : A → S k such that post-composition with is a bijection * :
Lemma 2.6. Let R be a pid and let A be a ÿnitely generated torsion R-module. Let a = (a 1 ; : : : ; a k ) be a good ordered k-tuple of elements of A. Let d k ∈ R be such that d k is the annihilator of a k . For integers n and m which are relatively prime to d k ; we have that f n ∼ f m if and only if there exist u ∈ R * and r ∈ R such that m = un + rd k .
Proof. Due to the Lemma 2.5 it su ces to consider the case where A = (R=J ) k , with J being the annihilator of a k . The result now follows from Lemma 2.1.
An immediate consequence of Lemmas 2.4 and 2.6 is given by
Proposition 2.7. Let R be a pid and let A be a ÿnitely generated torsion R-module. Let a = (a 1 ; : : : ; a k ) be a good ordered k-tuple of elements of A. Let S = R=J where J is the annihilator of a k . The function which sends an element n ∈ R to f n induces a bijection
In particular, we have the following Corollary 2.8. Let R be a pid; let k be a positive integer; and for some ideal J of R; let S = R=J . Then the function :
Proof. Due to Lemmas 2.1 and 2.4, and since Det(f n ) J = n, it is clear that Im is contained in S * . Now Lemma 2.6 implies the result.
To conclude this section, we have the following result, which will be of capital interest for the sequel. Theorem 2.9. Let R be a pid and let A be a ÿnitely generated torsion R-module. Let k be any positive integer for which RE k (A) is non-empty. Let S be the quotient ring R=J; where J is the annihilator of a k for a good k-tuple a = (a 1 ; : : : ; a k ) of A. Then there is a transitive action of S * on RE ∼ k (A); where the action of
where ÿ is any element of End R (R k ) such that Det(ÿ) = ux for some u ∈ R * . The isotropy subgroup of this action coincides with the image of R * in S * .
Proof. In the special case where A = T k for some quotient ring T of R, the assertion follows by Corollary 2.8. The general case now follows by Lemma 2.5.
Group structure on the non-cancellation set of a K-group
From the very basic result [19, Theorem 2:2] on isomorphisms between K-groups, the following characterization of isomorphic K-groups can be deduced. For the remainder of this section, let T be any ÿnite abelian group and let k be a positive integer. Let A be an abelian subgroup of Aut T of rank at most k. Then we can ÿx a good ordered k-tuple a = (a 1 ; : : : ; a k ) of elements in A. Set d to be the order of a k . For each integer n which is relatively prime to d, we deÿne a group G (n) = T o fn Z k , where f n = f (a; n) is as in Deÿnition 2.3.
Proposition 3.3.
The function n → G (n) induces a surjection from the group (Z=d) * = {1; −1} onto the set (G (1) ).
Proof. By Proposition 2.7 and Theorem 3.1 the function is well-deÿned and we only need to prove surjectivity. Let H be any group such that H × Z ∼ = G (1) × Z. Then there is an action v :
where w is the homomorphism sending z ∈ Z k to v(z) −1 in Aut T . Since Im w = A, it follows by Lemma 2.4 that w ∼ f n for some integer n which is relatively prime to d. Then again by Theorem 3.2,
, concluding the proof.
Proposition 3.4.
There is a transitive action Â of the group (Z=d) * ={1; −1} on the set (G (1) ); given by u · G (n) = G (un) ; for integers n and u that are relatively prime to d.
Proof. In view of Proposition 3.3, we only have to show that for any integer u which is relatively prime to d, the function that sends G (n) to G (un) is well-deÿned. Suppose that n and m are integers which are relatively prime to d such that G (m) ∼ = G (n) . Then by Theorem 3.2 there is an automorphism of T such that for the inner automorphism of Aut T deÿned by , we have 
Proposition 3.5. Let n and u be any integers which are relatively prime to d. Let ∈ End Z k be such that Det( ) = u. Let w : Z k → Aut T be any homomorphism; and let
Proof. If H ∼ = G (n) , then by Theorem 3.2, there is an automorphism ÿ of T such that for the homomorphism v :
From Proposition 3.5 it follows that the action Â of (Z=d) * ={1; −1} on (G (1) ) given in Proposition 3.4, is in fact independent of the k-tuple a. Moreover, the action remains the same if, instead of the subgroup A, we use a conjugate of A in Aut T . Now, let us consider the case that G (1) is a nilpotent group N . Note that d is a factor of the exponent e of the quotient QN = N=FZN , where FZN is the free centre (see [3] ) of N . Thus there is an obvious epimorphism : (Z=e)
The action, as described in [3] , of (Z=e) * ={1; −1} on G(N ), can be seen to coincide with the homomorphism Â • .
In fact, we have Theorem 3.6. Let G = G (1) . The transitive action of (Z=d) * ={1; −1} on (G) furnishes the set (G) with a group structure such that there is a short exact sequence
where (G) is the isotropy subgroup of the action. The given group structure coincides with the group structure as introduced in [20] .
From Theorem 3.2, we can deduce the following description of the isotropy subgroup of the transitive action. 
The following two theorems generalize some results on genera of nilpotent groups in [1, 12] , to non-cancellation groups of K-groups. Theorem 3.8. Let T be a ÿnite abelian group and suppose that G = T o w Z k is in K such that the image Im w of the action belongs to the centre of Aut T .
• If k ¿ rank(Im w); then (G) = 0.
• If k = rank(Im w); then (G) ∼ = (Z=d) * ={1; −1} where d is the least positive integer n such that the rank of n Im w is strictly less than the rank of Im w.
Proof. The ÿrst part is just a special case of [18, Theorem 4:2] . To prove the second part, observe that any inner automorphism of Aut T ÿxes every element of Im w. Therefore (G) is trivial and the epimorphism (Z=d)
Theorem 3.9. Let G = T o w Z be a group in K such that the torsion subgroup T is cyclic of prime power order. Then for any positive integer n; the function which sends
n+1 . This means that the two exact sequences (3.1) for G and
where i is just the inclusion. Observe that i is well-deÿned, since if Diagram (3.2) . Furthermore, it is easily veriÿed that this epimorphism sends H to G n × H . Finally from [19, Proposition 3:7(b)] we know that this epimorphism is also injective.
Homotopical non-cancellation of the circle
We now revert our attention to the homotopical counterpart of our group-theoretical results. We ÿrst introduce the spaces we will be working with.
Deÿnition 4.1. For an integer m ¿ 1, let T m be the class of all CW-type spaces X that satisfy the following conditions • 1 (X ) is a free abelian group of ÿnite rank,
• there is a map K( 1 X; 1) → X which is an isomorphism on fundamental groups.
The class T 2 includes, in particular, the circle bundles that were introduced by Hilton in [2] . In fact, the spaces in [2] are such that the semidirect product 2 (X ) o 1 (X ) (the action being the homotopical one) is a group of the form T o Z with a cyclic torsion subgroup T of prime power order. In [5] it was then shown that the genus of such a circle bundle X is in bijective correspondence with the genus of the group 2 (X ) o 1 (X ). These results will now be generalized. However, our approach is di erent from that in [2, 5] since we use homotopy approximation methods as of Whitehead [17] instead of cohomological methods.
Firstly, we note that any K-group G has a T m -realization for any integer m ¿ 1, i.e., there exists a T m -space X such that G ∼ = m (X ) o 1 (X ). Indeed, from a theorem of Whitehead (see [17] or, for instance, [16, Chapter V-Theorem 2:1]) we know that there is a space X which fulÿlls all of the requirements in Deÿnition 4.1 except perhaps the last one. The proof of Proposition 4.2 is very much along the same lines as that in [16] , so that we omit it, as the construction appears in the proof of Proposition 4.4 anyway. In general, the realization theorem in [16] to which we refer above, does not include uniqueness. In fact, it is easy to ÿnd examples illustrating this. Example 4.3. Fix a prime p which is bigger than 3. Then 2p (S 3 ) has an element of ÿnite order p (see e.g. [13] ). Let X 1 and X 2 be the mapping cones of and 2 , respectively. Then X 1 and X 2 are not of the same homotopy type, but in every dimension their homotopy groups are isomorphic. In fact, X and Y are 1-connected and of the same Mislin genus (see [11] ). However, T m -realizations of groups in K are unique up to homotopy type, as is shown below. Therefore, it makes sense to denote by T m (G) a space with the homotopy type of a T m -realization of the K-group G. Proof. Let Z be the product of n circles, where n is the rank of 1 (X ). Since X is a T m -space, there is a map i 1 : For a T m -space X , we deÿne the non-cancellation set (X ) to be the set of all homotopy types of CW-type spaces Y such that X ×S 1 Y ×S 1 . From Proposition 4.5 we deduce that, if G is a K-group, then any space Y belonging to (T m (G)) is a T m -space. Consider the function sending a T m -space X to (X ) = m (X ) o 1 (X ). 6, we know that is a bijection, so that it remains only to show that t is a bijection. Again by Theorem 4.6 we know that any element of ( X ) = G( X ) is of the form (Y ) for some Y in (X ). Therefore, it is not di cult to see that t is injective. As to the surjectivity of t, observe that if Y ∈ G(T m X ) = G(X ), then there exists a p-equivalence X → Y p for any prime p. This implies that there is a p-equivalence (X ) → (Y p ) for any p (observe that there is no di culty in supposing that is deÿned on all spaces having non-trivial homotopy groups only in dimensions 1 and m). But since Y is nilpotent, it is easy to see that (Y p ) ∼ = ( Y ) p . We infer that Y ∈ G( X ), concluding the proof. 
